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Answer all questions 

(1) (a) [4 points] Let / : Z — > Z be a function defined by f(x) = \x + 2| — 1. Find the range of /. 
Show your work. 



(b) [3 points] Let / : Z — >• Z be a function defined by f(x) = 5x 2 + 2x + l. Is f(x) one-to-one? 
Show your work. 



(2) (a) [3 points] What is the characteristic equation of a n = 3a n _i + (3 n — l)(3 n + 1) 



(b) [4 points] Consider the operation * on R given bya*& = a + 6 + ab. Find the identity 
element e and show that there is no inverse for -1. 



(3) Answer the following questions. Each question is independent. 

(a) [1 point] Is it possible for a tree to have all vertices of degree 2? Justify your answer. 
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(b) [1 point] Why the below two trees are not isomorphic? 

V5 V4 U3 W5 W4 W3 


Vo V\ V2 wo w\ w 2 

Solution: In the first graph the vertex tq is of degree 3 (the only vertex) and is adjacent 
to only one vertex of degree 1 (leaf). However, the vertex W 2 in the second graph is also 
of degree 3 but adjacent to vertices of degree 1 (leaves.) 


(c) [3 points] Suppose G is a simple graph with degree sequence 1, 2, 3, 3, 3, 4. Draw the graph. 


Solution: 


(d) [3 points] Consider a tree T with n number of vertices. If T has six vertices of degree 2, 
eight vertices of degree 3, and the remaining vertices are leaves. Find the number of vertices 
n and the number of edges e. 


Solution: Using the degree equation 



6 x 2 + 8 x 3 + (n - 14) = 2(n - 1) = 

=t- 36 — 14 + 2 = 2n — n = 

=t- n = 24. 




(4) Answer the following questions. Each question is independent. 

(a) [2 points] Let T( 1) = 1, T(n ) = 3T(n/2) + 1 be a recurrence relation of an algorithm. 
Transform T(n) into inhomogeneous linear recurrence relation. 

Solution: Let n = 2 k , k = 0, 1, 2, ... . Then, 

T(2 k ) = 3T(2 fc /2) + 1 =► T(2 k ) = 3T(2 k ~ 1 ) + 1 =^> T(2 k ) - 3T(2 k ~ 1 ) = 1. 


(b) [6 points] Solve the recurrence relation ao = 0, ai = 6, and a n = lla n _i — 28a n _2 using 
the homogeneous technique. 


Solution: a n — lla n _i + 28a n _ 2 = 0 

The characteristic equation is x 2 — llx + 28 = 0 =t- (x — 7)(x — 4) = 0 
Thus the roots are r\ = 7, r 2 = 4. 

.'. a n = ci(7) n + c 2 (4) n 
From boundary conditions: 

ao = 0 — > 0 = ci + c 2 
ai = 6 — > 6 = 7ci + 4 c 2 . 

Solving for ci and c 2 we get ci = 2 and c 2 = —2 
a n = 2 • 7 n - 2 • 4 n . 


(5) [6 points] Answer the following questions. Each question is independent. 

(a) How many odd integers in the range 10000-99999 such that no digit is repeated. 

Solution: 5x8x8x7x6 
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(b) How many ways a six people ABC DEF sit around a a table so that A and B are next to 
each other. 



(c) How many numbers in the range 1-300 are divisible by 3 but not 5. 



(d) Suppose xi,X 2 , and X 3 are nonnegative integers. How many solutions are there to the equa- 
tion X\ + X2 + X3 = 15. 



(6) [6 points] In how many ways can two couples A and B form a line so that 

(a) the A couple are beside each other? 

Solution: Let N be the set of lines in which the A can stand beside each other and M 
be the set of lines in which the B can stand beside each other. The A couple has 2 choices 
to stand next to each other and if A is considered as one unit there are 3! possible lines 
when standing with the others. 

|AT| = 2x3! = 12 

(b) each couple is together? 

Solution: Couple A have 2 choices to stand next to each other and similarly for couple 
B. If the couples are considered as two units there are 2! ways: \NDM\ = 2x2x2! = 8. 

(c) at least one couple is together? 



(d) exactly one couple is together? 



(7) (a) [3 points] Find r if P(5, r) = 2P(6, r — 1). 
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(b) [2 points] What is the coefficient of a 2 b 3 c 2 d 5 e A in the expansion of (a + 2b — 3c + 2d + e) 16 . 



Show your work using the Binomial Theorem. 



ITCS253 Discrete Structures II 


Page 5 of 5 


June 10 th , 2015 






